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Kinetic equations with relaxation collision kernels are considered under the basic
assumption of two collision invariants, namely mass and energy. The collision kernels
are of BGK-type with a general local Gibbs state, which may be quite different from
the Gaussian. By the use of the diffusive length/time scales, energy transport systems
consisting of two parabolic equations with the position density and the energy density
as unknowns are derived on a formal level. The H theorem for the kinetic model is
presented, and the entropy for the energy transport systems, which is inherited from the
kinetic model, is derived. The energy transport systems for specific examples of the
global Gibbs state, such as a power law with negative exponent, a cut-off power law
with positive exponent, the Maxwellian, Bose—Einstein, and Fermi—Dirac distributions,
are presented.
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1. INTRODUCTION

BGK models, named after Bhatnagar, Gross and Krook, (V) have taken a prominent
role in the quest of simplifying collisional kinetic phase-space equations such as the
Boltzmann equation for gas dynamics, > for current transport in semiconductors
and plasmas,® for modeling transport of granular media,® etc. BGK models
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are based on the basic hypothesis that even large deviations from equilibrium
in collisional flows can be described by the equilibrium momentum distribution
when certain parameters are not taken as constants but made position and time
dependent. Typically, the global momentum equilibrium is determined by the
Gibbs state (function of the energy) with constant position space density, quasi-
Fermi level and temperature. In the corresponding BGK model, these constants
(or a subset of them) are replaced by functions of position and time, which are
determined from physical conservation laws corresponding to so-called collision
invariants, ® and relaxation of the phase space distribution to the local Gibbs state
is assumed. This makes the main advantage of BGK models apparent: they describe
the collisional process ‘well’ in the sense that they feature the same equilibrium
distribution and (some of) the same collision invariants without requiring specific
information on collision details as present in the Boltzmann equation.

In the classical dynamics of ideal rarefied gases, there is conservation of
mass, momentum and energy in each individual collision of two gas atoms or
molecules, which, at least on the formal level, carries over to the whole ensemble
of gas particles, when its dynamics is represented by the Boltzmann equation.
The equilibrium momentum distribution is the Gaussian (in momentum space),
with five parameters (in six dimensional phase space!) represented by the position
density, the mean velocity vector (three dimensional parameter function) and
temperature. The corresponding classical BGK model) determines these three
parameters as function of space-time by computing them directly from the time-
dependent position-momentum distribution function.

Simpler BGK models can be set up. First of all, not all (five) collision
invariants need to be taken into account. For example, in semiconductor charge
transport theory, momentum and energy are transferred to the crystal lattice and
thus not conserved by the charge carrier ensembles. The corresponding Gaussian
BGK model turns out to be linear in the charge carrier distribution function. ®

Another possibility is to prescribe a momentum equilibrium distribution
different from the Gaussian. We refer to Ref. 6, where BGK models with a general
Gibbs state and only one conservative quantity (mass) were analyzed.

In this paper we consider BGK models with a general basic Gibbs state of
zero mean velocity, which may very well be different from the Gaussian, under the
basic assumption of two conservative quantities, namely mass and energy. Thus we
consider generalized energy transport models, NOT based on a Maxwellian energy
distribution. We refer to Ref. 7 for the Maxwellian case. In particular we shall scale
the kinetic BGK models by using diffusive length/time scales and, on a formal
level, consider the diffusive limit, always in dependence of the general Gibbs state
equilibrium. Generalizing results of Ref. 7 we obtain energy transport systems
consisting of two parabolic equations with the position density and the energy
density as unknowns. Also, we discuss stationary states, and derive an entropy for
the parabolic system, which is ‘inherited’ directly from the kinetic problem.
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In Ref. 6 the diffusive limit from a one-parameter BGK model (with mass
conservation) with general Gibbs state to a generally nonlinear diffusion equation
was analyzed and convergence was proved under certain hypothesis on the Gibbs
state etc. The computations in this paper, in particular the asymptotics leading
to the generalized energy transport system from the two-parameter BGK kinetic
model (mass and energy conservation) with the general Gibbs state, are purely
formal. We expect a proof of convergence to be much more difficult than in the
already very involved one parameter case.

Energy transport models are very useful in certain physical applications,
particularly when thermal convection is important when nonlinear effects due to
kinematic convection are not of significant size. And an important application
occurs in semiconductor physics, see e.g. Ref. 7, where non-Maxwellian energy
transport systems, as derived in this paper, have big relevance, since charge carrier
(i.e., Fermion) equilibria obey the Fermi-Dirac distribution (see Example 4.4).

2. SCALED KINETIC EQUATION AND ITS FORMAL
MACROSCOPIC LIMIT

2.1. Formulation and Conservation Laws

We consider the scaled kinetic equation

20, f +elv-Vof =V V(x)-Vofl=G/— f, (1)

1
Gr=vy(Ey), Ej:= <§|v|2 — oy, ef)) [0(pr,er), (2)

where the particle velocity distribution function f = f(x, v, t) depends on po-
sition x € R?, velocity v € R?, and time # > 0. The external potential ¥ (x) is
given. The collision model is a simple relaxation kernel toward a generalized local
Gibbs state G . The chemical potential (o, er) (the Gibbs free energy per unit
mass) and the temperature 6(p, es) > 0 are to be determined implicitly by the
conditions

/; Grdv=ps(x,t):= /% fdv, (3)
R R’

1 1
[5G =esini= [ it sav, @

or equivalently

1
o= [ v (|30 = ntereen| focoren)an ©

1
er(x, 1) = /R} Elvlzy (Blvl2 — oy, ef)} /G(Ms ef)) dv, (6)
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where p is the (macroscopic) density and e, is the internal energy per unit
volume. It should be noted that the pair of variables (., 6) depends on x and ¢ only
through (o, e) and vice versa. The local invertibility of the map from (i, 6) to
(pr,ey) holds (see below) while the global invertibility will be assumed in the
present work. The quantity 6(pr, er)E ; may be interpreted as the energy of a
particle.

Equation (1) is considered subject to initial conditions

S(x,0,0) = fi(x,v), (7
with f; € LL(R? x R?).

If we put 6 = 1 in (2) and discard the condition (4) [and (6)], we have the
relaxation kinetic model for the mass transport. The existence and uniqueness of
solutions of this model and its diffusive macroscopic limit have already been stud-
ied rigorously mathematically by Dolbeault, Markowich, Oelz and Schmeiser. ©©
In the present paper, we shall extend this result to the mass and energy transports
at the formal level.

In the above formulation, we have used the quantities conventional in ther-
modynamics and fluid dynamics. For later discussions, however, it would be con-
venient to use the quasi Fermi potential i and the energy £ per unit volume

Er(r 1) = ep(r 1)+ pr(e OV (), [ACr, 1) = (ulx, 1) + V(x))/0(x. 1),

in place of ey and u. Then (ji, 8) is considered to depend on x and ¢ through
(or,Er, V) and (pr, E7) does through (fi, 0, V'), and E ; is rewritten as

1
Es(pr. Ep, V)= (5|U|2 + V(X)> [0ps, Er — V) — oy, Eps V).

Because of the conditions (3) and (4), integrating Eq. (1) multiplied by 1 and
%|v |2 + V(x) over the whole space of v yields the continuity and energy transport
equations:

83,,0,«'—i-V,,C~/R3 vfdv =0, ()

e, Er + Vy - f (%W + V(x)) vfdv =0, )
.

provided that f decays sufficiently fastas |v| — oo. Integrations of these equations
with respect to x over R show that the total mass M := fR6 fi(x,v)dxdv and
the total energy U := fR(y(%|U|2 + V(x)) f1(x, v)dxdv are preserved by the time
evolution, i.e., [z f(x, v, #)dxdv = M and [ge(3|v]* + V(x)) f(x, v, 1) dxdv =
U forall t > 0, as far as f decays sufficiently fast as |x| — oo.

In the present paper, we carry out formal analyses by assuming that

(i) The Gibbs state y (E) is a nonincreasing and nonnegative continuous func-
tion of £ in the interval (E, 00), where E| is a constant including —oo.
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The function y has a support [E;, E>] and is continuously differentiable
on (Ey, E,) with y(E) < 0, where E} is a constant including co. Thus it
has an inverse y ~! mapping into (E1, E,). Since y is nonnegative, both
the density p s and the internal energy e, are also nonnegative.

(i) In the case where E, = 0o, there exist a § > 0 such that y(E) =
O(E _%_5) as E — oo. This assumption ensures the existence of fourth
order velocity moments, say a, and A,, which shall appear later in the
analysis.

(iii) The external potential V' is bounded from below and thus may be chosen
nonnegative. Consequently the energy £ is also nonnegative.

(iv) The map (5) and (6) between the pairs (or, e) and (1, 0) is invertible.

As to the last assumption, we remark that the map (5) and (6) is locally
invertible. In fact, a straightforward calculation shows that the Jacobian is written

as
proer) 1 . 1 >
(. 0) 6 (/,;V(Ef)dv/;&} (2|v| ) y(E ) dv

! 2
- (f —|v|2)7(Ef)dv> ) ;
R 2 '

the right-hand side of which is positive because of the assumption (i) and the
Cauchy—Schwarz inequality (with the corresponding condition for equality).
Therefore, the Jacobian is non-zero and local invertibility, say around an ap-
propriately chosen initial state, is assured by the inverse function theorem.

2.2. Formal Macroscopic Limit

Consider formal asymptotic expansions ' = 0+ ef! + O(e?), i = i° +
0(e), 0 =0+ O(¢), py = p° + O(¢), and £, = E° 4+ O(¢). Then, by going to
the limit ¢ — 0 in (1), we obtain, at the lowest order in ¢,

foe v 1) = Gox, v, 1) = y(E°),

where
B = (%w + V(x)) 160%r, 1) — (x, 1),
with
7,0y =’ €, V), 60°x,1)=6(" " = p°V),
and

0 _ 0 0 _ l 2 0
p(x,t)—/R}fdv, S(x,t)—/R} <2|v| +V(x)>fdv.
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The O(¢e)-terms in (1) give
v'vxfO_VxV'vaozGl_fla

which can be rewritten as

V.V
S1=G" = (B VB 4y (B v (10)

Now we pass to the limit in Egs. (8) and (9) and obtain
3,0° + V, / vfldv =0,
]R3
0 1 2 1 —
9,E + V- "+ V() ) vfdv=0.
R \2

For the evaluation of the fluxes, we use (10). Because of the form of £, G'isan
even function of v. Therefore it does not contribute, and we end up with

1 V.V
9p° — SV, - vxf |v|2y(E°)dv—/ [Py (E%) dv =0,
3 RS R 90
1 1
a6 Ly . vx/ Wi (210l + 7 ) y(E®) dv
3 R3 2

S (O
—/Rs vl? [(%mz + V> V(;; ) +y(E°)] dv va> =0,

or equivalently,

1 ay
0o _ - . 0_ 0 - —
0P’ —5Vs (2vx(5 o V)+90VXV) 0, (11)

a

20 2(6° — p° V)} V. V> =0, (12)

1 -
9,E° —gvx : (VxAl + [
where

a

=

o0
:=—/ |v|2"y'(E°)dv=—4n/ "Dy (B d|v],
R? 0
= . _ 2n 1 2 0 _ 1
a, = W [ S0P+ V(x) ) (EY) dv = a,V + Zay41,
]R3 2 2
o0
Ay = / WPy (E%) dv = 4n / Dy (E% d],
R} 0

- 1 1
A4, = / WP [ =v)> + V(x) ) y(EQdv = 4,V + = Ay
RS 2 2
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Here we have used the fact that E° is a function of |v|? rather than v itself, and
so are y(E®) and y(E?). Note that 4y = p® and 4, = 2(£° — p°V) by definition.
Equations (11) and (12) are the diffusion equations in conservative formulation.
The initial data of these equations are given by

PO, 0) = py(x) = f fi(x, v)do,
R}

1
E%x, 0) = &(x) :=/ (§|v|2 + V(x)) fi(x, v)dv,
R3
because both the density o, and the energy £, are preserved in the initial layer
governed by 3, f = G, — f witht = 1/&°.
The diffusion equations (11) and (12) are in conservative form but are not in

symmetric one. In order to derive the symmetric formulation, we rewrite Eq. (10)
as

1 1
f'=¢ —y'(E°>v~((§|v|2+V) vx@—vxao), (13)
and use this expression for the evaluation of the fluxes. Then we obtain
o1 o 1 _ 1 0
aOat@ —apd L — gvx : alvxﬁ —a\Viii ) =0, (14)
Loy a0l ) o~ — dgd il
—a,+a — —a
) 1 0 t90 00 4
1 1. _ I __
—gvx. zaz—i—alV Vxﬁ—alvx,u =0. (15)

Here we have used the relations
0,0° = —aod— +agdy il 9,6 = — (~ar +aoV ) d— + aod i
0 = aOteo apor, e = 2611 ap teo apor L.

Equations (14) and (15) can be written, in terms of the new notation ¢; := — i’

and ¢, 1= 1/6°, as

_ 1 _
agdr @1 + o0y — gvx (a1Vipr +aiVip) =0,
_ 1_ _
aodrp1 + F +aoV | 0,02

1 1
—gvx . (C_Zlvx(m + (56_12 + a; V) Vx§02> =0,
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or equivalently
2 13 2
A;jidp; — = 0y, D?ma,c =0, =1, 2, 16

with

_ - 1_
Aij = apdi18;1 + ao(i18,2 + 8i28,1) + (aoV + §a1> 8i282,

1
Dl‘;m = (015,'18]‘1 + 6_11(81'151'2 + 5,’25]'1) + <C_ll V+ EC_&) 51’28/'2) Sﬂm‘

It is obvious that the diffusion equation (16) is symmetric: 4;; = 4;; and Df;f” =
D;”f. Further, the tensors 4 = (4;;) and D = (Df;f”) are both positive definite,
which is shown below:

Proposition 2.1.  The tensors A and D occurring in Eq. (16) are positive definite.

Proof: We first show that the tensor A4 is positive definite. For any nonzero vector
x;i (i =1,2),

2 2
1

Z Ajjxix; = Z [a08i15j1 + ao(8i18;2 + 8;28;1) + ([zoV + Ec’ll)&zéjz]xixj

ij=1 ij=1

1
= a0x12 + Zc_loxle + <L_ZQV + 56_11) X22

a \* 1 ) 1_ S\
ap | x1+—x2) +—\ao|aoV + za1 ) —ap|x;.
ap ap 2

Since y(E°) < 0 by assumption (i) in Sec. 2.1, the Cauchy—Schwarz inequality
leads to

- 1\ S0 L. -
a (aoV+§a1> —/]R};/(E )dv/]RS <2|v| + V) y(E")dv
( <1 2 ) . O )2 g
= ([ Gur v )pena) =a
R\ 2

2 . -
Therefore ) 7 ._, A;;x;x; > 0 because ag is positive.
i,j=1 J J
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In the same way, we can show the tensor D to be positive definite: for any
nonzero tensor 7 (i = 1,2, ¢ = 1,2, 3),

3

2
> 2 DTy

Lm=1ij=1

3 2
- - 1 - m
=y Z(als,-laﬂ+a1(8i18,2+8i26j1)+ (a1V+5a2) 5,.25,2) Sem T T

tm=11i,j=1

3
1
- Z <al(T{3)2 +2a, T T + <al v+ 5@) (T;)z)
=1

3 - 2
a 1 1
> <T1‘ + —‘T2f> + — (al (al v+ —a2> — af) (r)?).
— ay ai 2

Again, because of the Cauchy—Schwarz inequality,

1 1 2
a (av +La =/ |v|2y'(E°>dv/ i (LP 4 7)) pEYdv
2 R3 R3 2

1 2
> (/ vf? (—Ivl2 + V) )?(Eo)dv> =a’,
R? 2

- 3 2 o
and this concludes Y, ,_, >°; ., D{/"T,'T}" > 0 because a, is positive. O

3. STEADY SOLUTIONS AND ENTROPIES OF THE KINETIC
AND MACROSCOPIC EQUATIONS

It is readily seen by substitution that the Gibbs state with constant 6 and & is
a steady solution of the kinetic equation (1) and correspondingly that ¢; = const
(i =1, 2) is a steady solution of the diffusion equation (16). Although these facts
do not exclude the possibility of other steady solutions, actually they are not
allowed, as will be shown in the subsequent subsections.

3.1. H Theorem for the Kinetic Equation

Consider the function

f(x,v,1)
H(x,t) ::_/]1@3 </0 y_l(s)ds> dv,
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where f solves the kinetic equation (1). The time derivative of H is calculated
with the aid of (1) as follows:

e29,H(x, 1)

== [ v say
R3

e [ 70V =V S du [N = v Epyde
R R

f f
=8/ (v-Vx/ )/*l(s)ds —VxV-VU/ yl(s)ds> dv
R} 0 0

+ [ D= B = vE s
R

,
v, /R e ( fo yl(s)ds) v+ /E LT e ED

X (f = y(Ep)dv + / ) — Ep)fdv

E_/>Ez

= —&V, - Hyy — D(f)v

Sxv.0)
Hy = —/ </ y_l(s)ds> vdv,
R* \J0

D(f) = —/E . D =y CEINS — v(Ep)dv

where

- / () - Ey) fdv
Er>E,

_ _/ r () =y (v(Ep)
g<p; S —v(Ep)

(f = v(Ep)’dv

- / (') — Ey) fav.
Er>E,

Since y ! is decreasing for E ; < E; by assumption, the integrand in the first term
in the last equation is nonpositive because of the mean value theorem. In addition,
the integrand in the second term is also nonpositive because y ~! < E;. Therefore,
the last expression of D( f) implies D(f) > 0, and the equality holds if and only
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if f is the Gibbs state, i.e., /= y(E ). Therefore, the function H satisfies the
inequality

20 H + eV - Hy = =D(f) < 0, (17)

and the equality holds if and only if f is the Gibbs state. This means that H is no
other than the H function for the kinetic equation (1).
Equation (17) leads to the inequality:

d
— Hdx <0, 18
dt R3 *= ( )

where the condition for the equality is the same as before. Therefore in the steady
state, / must be the Gibbs state, i.e., /' = y (£ r). By substituting the Gibbs state
in Eq. (1) without the time derivative term, we see that 6 and i must be constant
in the steady state:

Proposition 3.1.  The steady solution of the kinetic equation (1) is a Gibbs state
with constant 6 and [i.

3.2. Entropy Associated to the Diffusion Equation

Consider the function

(E%)
S(x, 1) :=—/R} (/Oy y_l(s)ds> dv,

with £ = g1 + (5|v]* 4 V)2, where ¢; s solve the diffusion equation (16). Then
the time derivative of § is calculated with the aid of (16) as follows:

3,5(x, 1)

—— [ oy e an

=- /R YT EMDPE) (afsol + (%mz + V) atm) dv

1
=— / Ep(E®) (am + <—|v|2 + V) ath) dv
EO<E, 2

1 1
= —/ <<§|U|2 + V) v +§01) V(E®) <3t§01 + <§|U|2 + V) 3t<ﬂ2> dv
R3

_ 1. _
=@ <a08,¢)1 + <§a1 + ayp V) 3z<ﬂ2> + @1(agdr 1 + dod;2)
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1 _ 1_ _ 1 _
§<P2Vx ‘ (alvx‘/)l + (Eaz +a; V) Vx€02> + §<P1Vx “(a1Vipr +aiVipo)
1

_ 1. _ _
gvx : [fﬁz (01Vx<ﬂ1 + (Etlz +a; V> Vx‘Pz) + @1(a1Vipr + 01Vx</)2)]

1 1 1
—3 Va2 <¢_11Vx§01 + (552 +a V) Vx‘/’2> 3 Va1 (@1 Vo1 +aiVep)

1 _ 1_ _ _
=V, - [wz <01Vx901 + (5612 +a; V) Vx<P2) + @i(a1Vipr + alvx(PZ)]

3

1 1_ _ _
-3 <a1|vx<p1|2 + (5612 +a V) IVeal® + 231 Vg - wz)

- _Vx : Sﬂux - DS,

where

1 _ 1_ _ _

Shux 1= —3|% aVipr + 7 +aV | Vigr | + @1(a1Vepr + a1 Vi) |,
1
3

1 a S 1. " 5
—lai{Vior + —Vio | +—\ai|zax+aiV ) —a;)|IVipa™ ).
3 ap aj 2

The last expression of DS implies DS > 0 because of the Cauchy—Schwarz in-
equality, and the equality holds if and only if ¢;’s are constant in x. Therefore, the
function S satisfies the entropy inequality

DS :

1_ _ _
(al Ve > + <§a2 +a V) IVe@a|* +2a, Vo - vxwz)

atS + V’c : Sﬂux =-DS =< 0’ (19)

where the equality holds if and only if ¢;’s are constant in x. We call S the entropy,
Stux the entropy flux, and DS the entropy dissipation associated to the diffusion
equation (16).

The entropy inequality (19) leads to the inequality for the total entropy
fRs Sdx:

d
— Sdx <0, 20
df R3 *= ( )

where the condition for the equality is the same as before. Therefore,

Proposition 3.2.  The steady solution of the diffusion equation (16) is ¢; = const
(i=1,2).
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At this point, we refer to the study of the symmetrization of diffusion equa-
tions and their associated entropy by Degond, Génieys, and Jiingel.® The set of
the diffusion equations (11) and (12) falls into the class of equations discussed
in this reference when V' is zero. Although our discussion on the entropy S so
far is based on the symmetric formulation, S may be considered as the entropy
associated to Egs. (11) and (12) and can be written as

(E%)
S(x,t) = —/1;3 </0y y—‘(s)ds> dv,

with £2 = [1v]> — u(p®, £9)1/6(p°, £°). Then it can be shown that this S sat-
isfies the definition 2.1 of the associated entropy in Ref. 8; and, consequently,
the theorem 2.3 there assures that the change of variables from (p°, £%) to
(35/00°, 35/0&%), i.e., the transformation to the entropic variables, symmetrizes
the diffusion equations (11) and (12) with ¥ = 0. In fact, the direct calcula-
tion shows 35/3p° = u°/0° and 35/0E° = —1/0° with u® = u(p®, £, ie.,
3S/9p° = —p; and 35/9E° = —¢,. Therefore, the variables ¢; and ¢, intro-
duced in Sec. 2.2 are essentially the same as the entropic variables in Ref. 8
when V' = 0. It is also easily seen that p° = 35*/d¢; and £° = 35*/d¢,, where
S* = S+ p, + £%; is the Legendre transformation of S.

4. EXAMPLES

We shall give some examples of the Gibbs state and the corresponding dif-
fusion equations. As is obvious from the definition of the tensors 4 and D, the
symmetric diffusion equation (16) is necessarily explicit, while the diffusion equa-
tions (11) and (12) for the density p° and the energy £° are not always. In each
example, we start with the former and turn to the latter.

Example 4.1. A power law with negative exponent, y(E) = CE~*, with k >
7/2 and C being a positive constant. The chemical potential is assumed non-

positive (u < 0), so that £ > 0.
We first derive the coefficients a,,’s (n = 0, 1, 2, 3).

a, ‘= —/ [v|*"y(E®) dv
]R3

= Ck/ " (E®)*1dv
R3

~ P e T
- 4an/ [P D (@) + g 1) ! (1 + ——2) dJv|
| (o1 + @2 V) otV
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5 P _n—3 © 1
= 2" Ch(pr + V) 2, 2/ s (145 s
0
n+3 n—k+1 _"_% 3 1
= 2""2n Ck(py + @2 V) 29, B n—i—z,k—n—i ,

where B is the Beta function (the Euler integral of the first kind)®) defined by

e tx—l
B(x,y) = —dt, N 0, N 0.
G = [ e da=0. iy

Here, from the third line to the fourth, we have put s = % (plfézy and have used

the fact that s increases with |v| increasing because of ¢, > 0 and E° > 0. With
this result and the identity®)

_I™re)

B(x,y)= T 1))’

RNx >0, RNy>0,

with I being the Gamma function, the tensors 4 and D in the symmetric diffusion
equation (16) are finally written as

8 5 5 _1 3 5
Aij = 5\/577(:3 (5, k— 5) (1 + (PzV)fH%(Pz ’ |:< - E) (k - 5) 9381181

5 3
+ <k - 5) (szV + 5901) ©2(8i182 + 8i281)

15
+ (k(k — (@2 V) + 3kg10V + Tﬂﬁ%) 51‘25]'2] ,

16 7 7 2 5 7
Dl-l;m = ?\/zﬂCB <§, k— 5) ((/71 + §02V)7k+%§02 2 |:<k — E) (k — 5) (p%Bl-](Sjl

7 5
+ <k - E) (szV + Efﬂl) ©2(8i182 + 8i281)

35
+ <k(k — (@2 V) + SkeioaV + 7%2) 5i23j2] Sem.-

In the same way, the coefficients 4,,’s (n = 0, 1, 2) can be calculated as

3 3 e
A, =2""37CB (n + 3 k—n— E) (¢ +§02V)"_k+%<,02 2
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and, therefore, are related to a,,’s as

@2

Ay = ———
2n+3

Apt1.-

Note that, by definition, 49 = p°, 4; = 2(E° — p°V), ¢ + @2V = —°/60°, and
@y =1/6° where u° = u(p®, £° — p°V). These identities lead to the explicit
relation between (1°, %) and (0°, €°), where €® = £° — p°V (or €’ is the leading
term of e, when expanded in the power series of ¢). But, since E is E® with ¢; +
@,V and ¢, being replaced by —u /6 and 1/6, the moments of y (E) corresponding
to A, are calculated as

3 3
/ |y (E)dv = 2" 22 CB (n +3 k—n— 5) (—p /) Fragnts,
R3

Thus, we have the same relation between (u, 0) and (o, es) as that between
(1°, 6% and (p°, €°), because the left-hand side with » = 0 and 1 is no other

than p, and 2e,.* In this way, we obtain explicit relation between (u,0)
and (pf, 6]')

3 3
pr= 4v27CB (5’ k— 5) (—M)7k+%9k,

5 5
e; =4v27CB (5, k— 5) (—p) 20k,

or its inverse

2 5 er
) ) = —3 k_ =] >
w(pr,er) 3 ( 2) y

G35 (£)"

427CB (3,k - 3)

O(pr.er) =

Note that the chemical potential . is negative. Further, in the present example, we
can obtain explicit expressions for a;/8°, @, /0°, and 4, in terms of p° and £° as

60

4 The parallel discussion given here is necessary also in the following examples when we show the
relation between (i, 6) and (o7, e ), though we do not refer to it.
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i 5k—32¢80— 0y
A =2E" -y Vv4+=—2—F .

Therefore, the diffusion equations (11) and (12) are also written explicitly as

2 3
3 p" —3V (vx(é") —p'V)+ Epovx V) =0,

3k—=1  p°

2 5k—38&—pr\ 3
3,E° 3V <vx(8° - 0'V) <V+ —2 —p> + EEOVXV> =0.
2

Example 4.2. A cut-off power with positive exponent, y(E) = C(E, — E)*,
with E,, C, and k being positive constants.
First, the coefficients a,’s (n = 0, 1, 2, 3) are calculated as

a, == —/ [v|*"y(E®) dv
R}

[2E2—¢1-¢2 V)
92
| v |2(n+1)

k=1
1
:471Ck/ (E2—€01 —<P2V—§§02|U|2> d|v|

0

a3 !
= 2" Ch(Es — @1 — @3 V)kJ”’Jr%(p2 2 / s"t2(1 — 5)F1ds
0

a3 3
= 2" Ck(Ey — 1 — V) 20" 2B <n + 5 k) .

Here, in the last line, we have used another integral representation of the Beta
function:

1
B(x, ) :/ A =y, Rx >0, Ry >0.
0

With this result and the same identity as in the previous example, the tensors 4
and D in the diffusion equation (16) are written as

8 5 | — 3 5
Aij = 5\/57‘[6‘3 (5, k+1> (Ez_(ﬂl — V)k+§(p2 2 |:(k+§> <k+§> @%5,’18]‘1
5 3
+ <k + 5) <k¢2V + E(Ez - §01)> ©2(8i182 + 8i2851)

15
+ (k(k + I)(@2 V) + 3k(E2 — 9oV + Z(Ez - §01)2> 51‘2512},
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16 7 -2 5 7
ng = ?\/ET[CB <§, k+ 1) (E2_§01 —gﬂzV)k+%(p2 2 |:<k+§) (k + E) <p§8[18j1
7 5
+ | k+ 3 ko V 4 E(Ez — 1) ) ©2(8:18j2 + 8i28;1)

35
+ <k(k + D@2V ) + Sk(E; — o)V + T(Ez — (01)2> 51’23,1'2}513;71-

In the same way, 4,’s (n = 0, 1, 2) can be calculated as

3 3 —pe
Ay =2 CB(n+ Sk + 1) (B — g1 — 2V,

and, therefore, are related to a,,’s as

_ ¥ 4
" p 3l

Therefore, as in the previous example, we obtain explicit relation between (i, 6)
and (pr, er)

3 3
pr= 4V27CB (E’ k+ 1) (E20 + M)H%@_k,
5
er = 427 CB <§, k+ 1) (E20 + M)H%@*k,

and its inverse

2 5 er
wpr,er) = —E20(py,er) + —<k + —)—,
3 2/ py

5
5 2 Sver
0(pser) = [4ﬁnCB <§,k+ 1) <§<k+ 5)-) e ] .

Pf

Further, in the present example, we again obtain the explicit expressions for a; /6°,
a,/0°, and 4, in terms of p° and £° as
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Therefore, the diffusion equations (11) and (12) are written explicitly as

2 3
3t,00 _§Vx : <Vx(50 - ;00 V) + EPOVX V) =0,

2 5k+3 50 3
(= AN A G —— | +5EV.r | =0.
9" —3 ( (& - )( Y po >+2£ V) 0

Example 4.3. The Maxwellian distribution y(E) = e ¢
The coefficients a,,’s (n = 0, 1, 2, 3) are calculated as

N _/ Iy (E®) dv <=[ lv|?e £ dv = An)
R} .
N 2
=dmen / PV exp (= 1of) div
0
= 2n)2@n + DN e—wl—wzy%—n_;’

and therefore the tensors 4 and D in the diffusion equation (16) are written as

3
Aij = Qr) eV, [wzslls,l + (02 +3 ) 028182 + 8:281)
3y2 3
+ ((‘PzV + 5) + 5) 5i25j2],
D[Zm 3(27_[)3/2 e ¥ WZV(p |:¢25118j1 + ((sz +

5\2 5
+ ((sz—i-E) +§ 3282 |Sem-

In the present example, since a, = A,, we obtain explicit relation between
(1, 0) and (py, ey) (see the footnote 4)

5
2)<P2(5i15j2 +6i28,1)

w5
H 2

pr=Qm)iei0?, e = —(271)2 e

and its inverse

or

Zes
wos.er) = 0(ps ep)in—L 0(pr e = 2L
[2m0(py, er)]2 3p
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Further, we can obtain the explicit expressions for a;/ 0%, a,/6°, and Ay in terms
of p¥ and £° as

a a - 21
—L =30, 9—(‘, =58'—20"V, 4, = m(é“’ — pV)(58° —2p°p),

and consequently the diffusion equations (11) and (12) are written explicitly as

2 3
3" —3Ve (vx(e‘) —p'V)+ §p°vx V) =0,

2 1_ 1 3
3,E° —gvx : (gvxﬁ(go — " BEY = 2p°V) + Esovx V) =0.

Example 4.4. The Fermi-Dirac distribution y(E) = (ef + n)~! with n being a
positive constant.
We start with the calculation of a,’s (n = 0, 1, 2, 3).
a, ‘= — / [v|*"y(E®) dv
R}

==ty [ WPy (E) dui= =8, Aufin, 02)

. 2 n+s3 0 S"+5
= 2an | — b ds
7 (<P2> wl/o exp(s + @1 + @V —Inn) + 1

5 _1 —n—3 3 . 0 —
=2""gyp 1(,02 T <n + 5) g, <L1n+%(—ne i< sz)>

3 —n—3
= _2"+%m7_lf' (n + E) Lin+%(—ne_‘”‘_“’2V)<p2 ’.

Here Liy is the polylogarithm function? (de Jonquiére’s function) defined over
the unit open disk by

o !
Lik(z)zz%, Izl <1, zeC,
=1

and on the whole complex plane by the analytic continuation. We have used the
formulas

[ee) t
/ S—ds = —T(+ DLi,11(—e"), fort>0,veR, (21)
o exp(s—v)+1

ziLik(z) = Li;_1(2). (22)
dz
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—==

Fig. 1. Polylogarithm function.

The tensors 4 and D in the diffusion equation (16) are then written as
[
A = _(271)%,7*1% : |:L1;(—5)<P§5i13_/1
. 3.
+ (Lin(=5)pV + Eng(—S) ©2(8i182 + 8i28;1)
+ (Liy (=62l + 3Lis (~6)paV + 1 Lis (=) ) b .
m 31 _% : 2
D" = =3Q2m)>n"" ¢, Ll%(_g)(pzailajl
. 5.
+ (Liz(=5)pV + Eng(—é) ©2(8i182 + 8i28;1)
. 2 . 35 .
+ (Lis(=5)(@2 V)" + 5Lis(=8)eaV + TLI%(_S) 8282 |8em,

where the notation £ = ne~#'~#2" has been used. Note that the argument —£ of the
polylogarithm functions is negative, and thus all of them occurring above always
take a negative value because of the first formula (21) (Fig. 1).

As is obvious from the calculation of a,,’s above,

5 1 —n—3 3 . o
Ay = =2y, 0T (n + 5) Li, 3 (—ne %),
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and the relation

holds again. Therefore,
= —Qn)1n 0 Lis(—net), e ——E(Zn)% ~193Lis(—ne¥)
by = n 3 n ’ S = 2 n 3 n ’

(see the footnote 4). The inversion of this relation can be performed graphically
or numerically in the following way. First we transform the above relation into

3 : 2
() =1 (_p_;) pr, 0= _e_;RFD(E),

47 e 3p
where
: Lis(—s)
Frp(s) = —Liz(=s)Rep(s)2, Rep(s) = — , §>0.
2 L1§(—s)

Remember that 7 is merely a given positive constant and that Li ! (—¢&),Li 3 (-£),
Li%(—é) are all negative for & > 0. It is easy to show, by the use of (22) and
the Cauchy—Schwarz inequality, that Fgp is monotonically increasing while Rgp
is monotonically decreasing with & (Fig. 2). Therefore the value of £ is uniquely
determined from the first equation for every given set of values of pr and e r. Once
& is determined, 0 is determined from the second equation. Then p is obtained
from the relation u = 6 In(& /n). The above process is summarized as

3 3
Zef 1 3 pf 2 1 1 3 ,Of 2
0 =—-——R F, — , u=0In|-F —_—— .
3pr FD( FD (’I (471 er s H n n F \7 4w ey s

2

o 3PP p b
dr e, !

§&9 RFD (8)

2 e

p=0In(¢/n)

Fig. 2. Monotonic functions Frp(£) and Rrp(§) and procedure of inversion.
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_ With the aid of the functions Frp and Rep, the coefficients a; /6°, a;/6°, and
Ay in (11) and (12) are expressed as

a
L =30, 9—3):550—2;)01/,

d=2 [(60 PV = Dm0 Ly )}
with

250—,0 vV 3 p° :
c =PV R 0 _ gl A o).
3 20 ("), & FD (77 (471—50—/00V) o

and the diffusion equations (11) and (12) are written as

90

2 3
3 p° — 3V (vx(6° — 0"V + §p°vx V) =0,

2 15 ; 3
8,E% — 3V -(vx [(50 — 'y — E(2;1)3/2(90)2Li;(—z;")}+55°vx V> =0.

The density p° and energy £° may be obtained from the relations to ¢; and ¢, that
solve the symmetric diffusion equation (16):

3
p® = —(@2m)3 " g, *Liy(—ne "),
0_ 0 3 . T —p1—pV
E—pV= —5(271)277 ¢, *Lis(—ne )-
Example 4.5. The Bose-Einstein distribution y(E) = (e£ — n)~! with n being
a positive constant such that ne % < 1.5

The coefficients a,’s (n = 0, 1, 2, 3) are calculated in the same way as the
Fermi-Dirac distribution case as

a, = —/ lv[*y(E®) dv
R}

=< [ WP (E) du(= =3, (01, 02)

2 n+s [ee] Sn+2
= —27'[7’]71 (—) a(pl / dS
@2 0o exp(s +¢1 +@V —Inn)—1

3 Usually, for the Bose—Einstein distribution,  is put unity and 1 < 0 is assumed. See, for example,
E. A. Jackson, Equilibrium Statistical Mechanics (Dover, New York, 2000).
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5 _1 —n—3 3 . —o—
=-2""1rn7le, " %9, (F <n+ 5) Li, s (ne 2 “’ZV))

3 —n
— 2n+%nn—1l—* (I’l + 5) Li,H_% (ne—wl—sz) v, 2
where the formulas (22) and

o0 t
/ S—ds =T(t+ 1Lisyq(e"), fort>0,v <0, (23)
0o exp(s —v)—1

have been used. Therefore the tensors 4 and D in the symmetric expression of the
diffusion equation (16) are written as

1
Ay = (277)%77_1% : [Li;(é)wiﬁnﬁjl
. 3.
F\ L@V + SLi3(€) ) 92(811872 + 81281)

. . 15,
+ (Llé@)(ﬁl’z V)* +3Lis(§)paV + Tng(a§)> 5,-25_,2},
2 3 1 -3 .
Df,” =302m)n e, ’ [LI;(E)%SH%

. 5.
+ (ng@mv + EL‘%(5)> 2811872 + 1281)

35
+ (Li;(é)(rpz V)’ + 5Lis(€)gaV + 2 L6 )) 6,-25_12}8@,”.

It is easy to see that the argument & of the polylogarithms above is in (0, 1), so
that they are positive and monotonically increases with &.
As is obvious from the derivation of a,,’s above,

3\ .. -n—3
A, = 2”+%JT1771F (n + E) LIH%(neﬂﬁrsz)(pz 2

and the relation
q
2n+3

holds again. With these results, we have

An41,

2 3 5 . "
py=Qm)in 03Lis(nef), ey = E(zn)%n—lemg(nev),

(see the footnote 4). The inversion of this relation can be performed graphically
or numerically in the same way as in Example 4.4. We first transform the above
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! 0
0 0.2 04 06 €08y 1
w=01n(¢/n)

Fig. 3. Monotonic functions Fgg(§) and Rgg(§) and procedure of inversion.

relation into

3 o -
FBE@)=n<—"—;> pre 0= 2L Ruy(e),

4 e 3pr
where
3 Lii(s)
FBE(S) = Li;(S)RBE(S)E, RBE(S) = ,2—, 0<s<l1.
2 LI%(S)

The functions Fgg and Rgg are monotonically increasing with & (Fig. 3), which
is easily shown by the use of (22) and the Cauchy—Schwarz inequality. Therefore
the value of £ is uniquely determined from the first equation for every given set of
values of pr and ey, and once & is determined, 6 is determined from the second
equation. Then p is obtained from the relation p = 6 In(£/#n). This process is
summarized as

3 3
2er ) 3 07\’ 1 3 07)\?
0 =-—R F —— s mw=0In{-F —— )]
3 Pr BE ( BE (77 <47T er s ’ n n BE (n 4 er Pf)

Finally, with the aid of Fgg and Rgg, the coefficients a1/90, aj /00, and 4, in
(11) and (12) are expressed as
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with

3

250—,0V 3 0° 2
0_ 0 _ g1 0
=3 o @) 8=y (n<4n£°—p°V> 7 )

and the diffusion equations (11) and (12) are written as

2 3
3 p" —3Vx (vx(f:“ -0V + Ep‘)vx V) =0,

2 15 3
9,E° —3 Ve (vx [(50 — "V + 4—(2n)3/2(9°)2u7(50)] + Egovx V) =0.
n 2

The density p° and the energy £° may be obtained from the relations to ¢; and ¢,
that solve the symmetric diffusion equation (16):

_3
p° = @2m)in~lp, TLis(ne ),

3 ; _s
£ —p"V = S@n)in gy "Lis(ne ).

5. CONCLUSION

We proposed BGK-type relaxation kinetic models with a general Gibbs state
that preserve the mass and energy. The present contribution is along the line of
the work by Dolbeault, Markowich, Oelz, and Schmeiser.® Under the diffusive
scaling, we performed formal asymptotic analysis and derived a set of diffusion
equations that describes the mass and energy transports. The conservative and
symmetric formulations of this set have been presented. We also showed the
entropic properties of both the kinetic and diffusion equations.

Finally, as examples of the general Gibbs state, we took the power law with
negative exponent, the cut-off power with positive exponent, the Fermi—Dirac, and
Bose—Einstein distributions, as well as the conventional Maxwellian, and derived
the diffusion equations that could be useful in modeling the transports in porous
media, in astrophysics, in semiconductor physics, etc.
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